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1. Introduction. Very early in the history of the calculus 
methods of approximate integration consisting essentially in the 
substitution for the function to be integrated of an approximating 
polynomial function of low degree were developed. In 1722, 
the astronomer Cotes, a co-worker with Newton, computed (for 
small values of n) the coefficients which bear his name and which 
are still in practical use. The familiar prismoidal formula and 
Simpson's Rule are special cases of Cotes' more general formulas. 

The expressions for Cotes' coefficients (restricting them to even 
order) which are current in books1 on analysis are the equivalent 
of the following: 

1 J' +1 cp(t)dt K --2n,;- 2 ,J,.,()() , 
-1 'f' t; t - t; (1) 

. +n 
where ti=~' and cp(t) = IT (t-t;), (i= -n, ... . ,0, .... , +n). 

n i=-n 

If p[2nJ(x) is that polynomial of degree 2n (at most) which is 
determined by the 2n+ 1 points, 

(-nh, Y-Il), .... , (-h, Y-l) , (0, Yo), (h, Yl), .... , (nh, Yn), (2) 

then Cotes' coefficients (of even order) satisfy the relation, 

j +nh [ 
-nh p[2n J(x) dx=2nh K 2n,-nY-n+ 

+ . + K 2n, nYn] , (3) 

1 See Jordan, Cours d' Analyse, 2d ed., v. 2., p. 123. For an extended review 
of the results of Cotes, Gauss, Jacobi, Tchebychef, and others, see Radau, 
Etude sur les formules .d' approximation servent a calculer la valuer numerique 
d'une integrale define, Journal de mathematiques, (3) 6, p. 283 (1880). 

See also Edinburgh Mathematical Tracts No.2, Interpolation and Numeri
cal Integration, by David Gibb, G. Bell and Sons, London, 1915. 
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independently of the y's and of It, or more generally the relation, 

J: p[2n)(x) dx= (b-a) [ [(2/1,-11 Y-n + .... + [(2n,oYo 

+ .... + 1(211, llYn] , (4) 

where the y's are the values of p[2n)(x) at equally spaced intervals 
from a to b. 

For n = 1, formula (4) becomes the prismoidal formula. 
In this paper we shall obtain explicit expressions for Cotes' 

coefficients of even order in the form of finite series. The purpose 
of the restriction to even order is explained in the next section. 

2. Invariant Area. The 2n+ 1 points, (2), clearly determine 
a polynomial curve of degree 2n (at most). Let us call this curve, 
as in the previous article, p[2n)(x). These same points determine 
a set of polynomial curves of degree 2n+ 1 with arbitrary par
ameter, p.. This parameter may mean, for example, the slope of 
the curve at (0, Yo). Let us call an arbitrarily chosen polynomial 
of this set, p[2n+l) (x, p.). Then, 

Y =F[2n+1) (x,p.) = p[2n+1j (x,p.) - p[2n)(x) (5) 

is a polynomial curve of degree 2n+ 1 which crosses the x-axis 
at the points, X= -nh, ..... , 0, ..... ,nh. Therefore 

F[2n+ 1
J (x, p.) =kx(x 2 -h2)(x 2 -4h 2) •••• (x 2 -n2h 2). 

Since F[2n+lj (x, p.) involves only odd powers of x, 

and therefore 

j +nk 
F[2n +1J (x,p.)dx = 0, 

-nk 

j .+nk j+nk 
p[2n+1j (x, p.) dx = p[2n j(x) dx, 

-nk -nh 

independently of p.. 

(6) 

This invariant area property of a set of polynomial curves 
of odd degree is well known in the case of cubic! polynomial 
curves through three points equally spaced as to abscissa, by 

II See G. H. Hardy, Pure Mathematics, Cambridge University Press, Cam
bridge, 1908, p. 295; also Woods and Bailey, Analytic Geometry and Calculus, 
Ginn & Co., Boston, 1917, p. 419. 
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virtue of which case Simpson's rule gives exact results for a cubic 
polynomial, although its derivation is commonly based on the 
quadratic polynomial. The generalization has not come to the 
author's attention. 

In view of the fact that Cotes' formulas of a given even order 
serve to express areas under polynomial curves of both this even 
and the next higher odd degree it seems best to treat Cotes' 
coefficients of even order separately. 

3. Determinant Expressions for Cotes' Coefficients. From the 
fact that formula (3) evaluates exactly, 

j
+nX2 dx, j+nX\ dx, ...... , j+nX2ndX, 
-n -n -n 

we have the following linear equations in the coefficients,3 K 2n. i: 
n3 1 

=-.-
3 2n 
n5 1 

=-.-
5 2n (7) 

n7 1 
=-.-

7 2n 

2n 2n 2n n2n +1 
1 

K 2n.1 +2 K 2n,2+3 K 2n,3+'" +n K 2n.n = 2n+ 1 . 2n 

The determinant of this system of equations is 

1 22 3 2 n 2 

1 24 34 n 4 

D= 1 2E 3f 11 6 
=n!3!5! . . 2n-l! 4 (8) 

n 
3 The fact that K2n.-l = K2n. 1 and that K2n,o = 1-2 ~ K2n. i makes it 

;=1 
possible to determine the 2n+1 K's from these n linear equations. 

4 The evaluation is by reduction to Vandermonde's determinant. 
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4. Evaluation of the Determinants. If the equations (7) are 
now solved by Cramer's Rule, it may be noted that the cofactors 
of the elements of the ith column of the numerator in the determi
nant expression for K 2n ,i are reducible to generalized5 Vander
monde determinants of a particular type. This renders it possible 
(by an elaborate computation) to obtain the following expression 
for K 2n ,i. Placing 

iH 11! (11-1)! 
G2n ,i = ( -1) (+ ')' ( _.),' (9) 11z.nz. 

(10) 

(,) 1 
where ~- denotes the sum of the squared reciprocals of the 

r2 

(.) 1 
first 11 integers, excepting i, ~- denotes the sum of products 

r 2s2 

of these squared reciprocals two at a time, etc. 
For purposes of convenience in computation and for theoretical 

purposes, expression (10) may be transformed into an expression 
in the squared reciprocals of the first n integers, not excepting i, 
as follows: 

We note that 

(,) 1 1 1 
~-= ~---, 

r2 r2 i2 

5 See Pascal, Die Determinanten, Leipzig, 1900, p. 131. 
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Therefore 

1 [lt3 
n

5 
{ 1 K2 . = G2 '- - - - ~ - -

n,t n,t i2 3 5 1'2 ~} 

In this expression we may cqllect like powers of ~ , and writing, 
~2 

R'= n 

we have the result: 

..... .L 
J 

(12) 

. } , 

(13) 

The G's are functions of nand i, the R's are functions of n alone. 

5. Computations. In order to facilitate the ihterpretation of 

formula (13) for increasing values of n the following computations 

for n = 1, 2, 3 are appended. 



n=l 

n=2 

n=3 

n=l 

11=2 

n=3 

n=3 
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R' n 

13 2 
---
3 6 
23 25 {II} 480 2,5 576 
3 - 5 '12 + 22 = - 90 5 - 90 

R" n 

33 35 3 1 37 3 1 54,054 35 37 3 1 316,386 
3-5 ~P+7 ~ 1222 = 840 5-7' ~P = - 840 

R "' n 

262.440 
840 

K Zn •1 

n=l GrylRl'= ~ 
~, 6 

n=2 G [R ' R II] 32 G [R2 ' + R/'] 7 6 
J4,1 2 + Z = 9LJ 74,2 4 16 = 90 

n=3 G [R '+R "+R "'] 27 G [R3' R3" R3
11

'] 216 
6,1 3 3 3 = 840 6,2 T + 16 + 64 = 840 

K 2n ,3 

6Several mathematical and engineering handbooks have this value 
7 

erroneously, 80 . 
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These values for the K's give us well-known Cotes' formulas: 

Jb (1 4 1) 
a p[2] (x)dx= (b-a) "6 Y-1 + 6" Yo + 6" Y1 , (14) 

Jb ( 7 32 12 32 7) 
a p[4] (x)dx = (b-a) 90 Y-2+ 90 Y-1+ 90 Yo + 90 Y1 + 90 Y2 , (15) 

Jb ( 41 216 27 272 27 
a P[6](x)dx=(b-a) 840 Y-3+ 840 Y-2+ 840 Y-1+ 840 Yo+ 840 Y1 

216 41) + 840 Y2+ 840 Y3 , 

more familiar in the form, 

Jb h 
a p[2](x)dx = 3" (Y-1+ 4Yo+Y1) , 

Jb [4] 2h 
a P (x)dx= 45 (7Y-2 + 32Y_1 + 12Yo+32Y1 +7Y2) , 

J: p[6](x)dx = 

It 

(16) 

(17) 

(18) 

140 (41Y_3+216Y_2+27Y_1+272Yo+27Y1+216Y2+41Y3) , (19) 

where It represents the interval at which the ordinates, Yi, are 
spaced. 

If formula (17) is applied three times successively to cover the 
six intervals involved in formula (19), there results 

J: p[6](x)dx = 

h 
(approximately) 3" (Y-3+4Y-2+2Y-1+4Yo+2Y1+4Y2+Y3)· (20) 

The right-hand side of equation (20) is Simpson's Rule. It 
is suggestive to observe that this rule, which, when applied 
to 2n+ 1 values of the integrand of a transcendental integral, 
is equivalent to the use of 2n parabolas to approximate the 
integrand, may give a closer approximation than the integral of 
the polynomial of degree 2n determined by these same 2n+ 1 
values. 



COTES' COEFFICIENTS FOR POLYNO;\IIAL AREA 85 

For example, as an approximation to the transcendental integral, 

1 dx 
1T =4J 0 1 +x2 dx, 

1 1 125 
from values (rational) of the integrand for x=O, 6-'3'2"'3 '6,1, 

formula (19) yields 3.14157+, whileformula (20) yields 3.14159+. 
The study of Cotes' coefficients for increasing n is therefore of 

theoretical rather than practical (from the point of view of approx
imate integration) interest. It seems to offer a profitable field 
for further investigation in its bearing on the general subject 
of polynomial approximations. 




